We present a theoretical treatment of four two-dimensional electrons in a harmonic confinement potential in the presence of an external magnetic field using the exact diagonalization approach. The ground state properties and the spin and angular momentum transitions for different electron interaction strengths and magnetic fields are obtained. A magnetic field-confinement strength phase diagram is presented indicating a rich variety of ground states. An interesting feature of this system is the depolarization of spins by application of a magnetic field. The results are compared to several approximate theories.
I. INTRODUCTION
The rapid progress in experimental techniques has made it possible to construct few electron quantum dots in semiconductor materials ͑for recent reviews see Refs. 1-3͒. These dots contain a few electrons trapped in a plane and laterally confined by an external potential. Some of their properties, such as the electronic shell structure, for example, closely resemble those of real atoms, however, in quantum dots the experimental control and tunability of the involved parameters is much broader. This makes quantum dots an ideal system to study electron-electron interactions and correlation effects. The nature of the confining potential may be different depending on the experimental setup. In most cases, however, a harmonic model is appropriate to describe this confinement. 4 The competition between the interelectron repulsion, confinement, and spin effects leads to interesting physics, such as transformations of the multielectron ground state as a function of magnetic field, in particular, the transition from a Fermi liquid to a Wigner crystal 5, 6 and switching of the spin and the angular momentum of the system. 7, 8 Among the computational approaches, a special role is played by exact diagonalizations ͑ED's͒. 6,8 -13 Especially useful in the limit of small particle number, these calculations are capable of providing accurate results against which reliability and accuracy of approximate methods can be gauged. Most of the ED-based work concentrated in the limit of strong magnetic fields where the role of electron-electron correlations is particularly important. Moreover, in this limit the numerical effort is greatly reduced by restricting the single-particle basis to the lowest ͑often also spin polarized͒ Landau level ͑LL͒. 10 Recently this work has been extending into the regime of zero and intermediate magnetic fields. Mikhailov and co-workers studied a system of three interacting electrons in zero 14 and finite 15 magnetic fields. At low magnetic fields this system exhibits an interesting ground state transition at from the (L,S)ϭ(1,1/2) state to the (0,3/2) state, here L the total angular momentum and S the total spin of the system. This transition is accompanied by a change in electron structure, from an isosceles to an equilateral triangle. The degenerate ground states of a four-electron system without magnetic field was also considered 16 and no ground state transition was found. Earlier, six-electron quantum dot in zero magnetic field was studied 6 at several discrete values of interaction strength ͑density͒.
In the present paper we report ED calculations of fourelectron quantum dot in a broad range of magnetic fields. The obtained results are compared with those obtained by several approximate methods, namely, renormalized perturbation series, 17, 18 multicenter Hartree-Fock ͑MCHF͒, 19 and a restricted Hartree-Fock ͑RHF͒ algorithm. We look for possible magnetic-field-induced ground state angular momentum and spin transitions. Particular attention is paid to the polarization and breakdown of the maximum density droplet state ͑MDD͒ in which all electron occupy the lowest orbitals of the lowest LL.
The structure of the paper is as follows. In Sec. II the theory of the involved computational methods is presented, ED results are described in Sec. III and compared to other methods in Sec. IV, and in Sec. V the conclusions are given.
II. THEORY
We consider a system of four electrons which are restricted to move in the zϭ0 plane and are laterally trapped in a harmonic confining potential, V(r)ϭm* 0 2 r 2 /2, where m* is the effective mass of the electrons in the host semiconductor, 0 is the oscillator frequency of the confining potential, and rϭ(x,y) denotes the position in the zϭ0 plane. The Hamiltonian of this system in the presence of a homogeneous magnetic field perpendicular to the zϭ0 plane described using the symmetric gauge AϭB(Ϫy,x,0)/2 reads
where the last three terms represent the contribution due to the magnetic field with c being the cyclotron frequency, g* the effective g factor, and m e the bare electron mass. The study of this system can be greatly simplified by using dimensionless parameters, i.e., measuring lengths in l 0 ϭͱប/m* 0 , the oscillator length, and energies in ប 0 . A dimensionless parameter ϭl 0 /a B * ͑here a B *ϭប 2 /e the effective Bohr radius͒ describes the strength of the electron-electron interaction. Large implies strong interaction and/or a large quantum dot. Since both L z and Ŝ z commute with the Hamiltonian we can perform the calculations separately in subspaces of given L z and S z . The dimensionless Hamiltonian becomes
͑2͒
with ⍀ c ϭ c / 0 . In the limit of large the system becomes classical. 20 One can easily see that the effect of a magnetic field leads to a rescaling of r i to ␣r i , with ␣ 4 ϭ1ϩ
This results in a new effective 17 *ϭ/␣. Eventually we obtain
͑3͒
The last term which is proportional to the magnetic field involves only the good quantum numbers L z and S z and not the operators themselves, therefore, its effect can be trivially included when the remaining part of the Hamiltonian ͑3͒ is diagonalized. That is, one merely needs to solve the problem without magnetic field but with a modified →*. We also note that in this way the magnetic field allows one to continuously change the effective electron-electron interaction. The four-particle wave function is also obtained by rescaling the zero magnetic field result We use the Fock-Darwin orbitals nl (r) to construct a complete set of single particle states nls (r,) ϭ nl (r) s (), with s () the spin part of the wave function. In dimensionless units these orbitals are given by
where L n l (x) is the Laguerre polynomial. The energy of these states is independent of s and is a function of two quantum numbers n and l: E nls ϭ2nϩ͉l͉ϩ1 in units of ប 0 , where n is the radial quantum number and l the angular quantum number. We use these single particle wave functions to construct Slater determinants
with ␣ϭ(n 1 ,l 1 ,s 1 ), ␤ϭ(n 2 ,l 2 ,s 2 ), . . . . The four-particle wave function is expanded in the Slater determinants ͑6͒
where j runs over all possible (␣␤␥␦). Inserting the multiparticle wave function ͑7͒ into the Schrödinger equation Ĥ ⌿ϭE⌿ and multiplying from the left with ⌿ i one obtains
with H i j ϭ͗⌿ i ͉Ĥ ͉⌿ j ͘. This eigenvalue equation is solved numerically and yields the eigenenergies and a set of coefficients C j which are used to calculate the four-particle wave function ͑7͒. The accuracy of the results depends on the number of Slater determinants included in the basis ͑7͒. In our calculations we include all Slater determinants for which the sum of four single-electron energies is less or equal to some threshold energy E th . Increasing E th will make the results converge to their correct value and make the results reliable for to higher . We were able to obtain a reasonable relative accuracy of approximately 2ϫ10 Ϫ4 for р2. For example, for the ͑14,2͒ state we need 19774 Slater determinants (E th ϭ26) to obtain a relative accuracy of 5ϫ10 Ϫ5 . The exact solutions of the Schrödinger equation for the four-electron system are compared with the results of two different Hartree-Fock approaches: multicenter Hartree-Fock ͑MCHF͒ and restricted Hartree-Fock ͑RHF͒ calculations. MCHF ͑Ref. 19͒ is a method dedicated to confined electron systems at high magnetic fields. Landau gauge and the total spin polarization of the electron system are assumed. The basis set for the four single-electron wave functions consists of four wave functions
In the four-electron system the centers of electron localization (X k ,Y k ) form a square, the size of which is optimized variationally. Moreover, a and b are also used as nonlinear variational parameters. Basis set functions ͑9͒ for fixed a ϭbϭeB/ប are the lowest LL eigenfunctions. The applicability of the MCHF is limited to systems, in which the electrons occupy the lowest Fock-Darwin band, i.e., to the MDD and states appearing at higher magnetic fields ͑Wigner molecules͒. The MCHF method produces an approximately cylindrically symmetric MDD with a characteristic flat maximum of the charge density. For higher magnetic fields the MCHF method yields a Wigner-molecule phase, in which the electrons are spatially separated. The transformation from the MDD to Wigner phase appears abruptly at a certain magnetic field. This transformation is associated with cusps ͑disconti-nuity of the derivative with respect to the magnetic field͒ of several quantities ͑interaction energy, radius of the charge density, etc.͒. At high magnetic fields the charge-density distributions corresponding to the basis functions of MCHF tend to point charges. Therefore, the MCHF reproduces the classical limit of the electron localization at the infinite magnetic field, and at high magnetic fields it provides nearly exact values of the energy.
In the RHF method we assume that the one-electron wave functions are eigenfunctions of the single-electron angular momentum operator. By this assumption the angular correlation between the electrons is totally neglected and only radial wave functions are optimized to minimize the total energy of the confined systems. On the other hand the RHF solutions, in contrary to the MCHF, possess a definite total angular momentum which can be compared with the results of the exact calculations. The RHF used in the present paper solves the HF equations with the finite-difference approach, in which both the Coulomb and exchange potentials are integrated numerically. In this way we avoid possible problems with the finite size of the variational basis. The electronelectron correlation effects are defined as those overlooked by the RHF method. Therefore, the comparison of the exact solution and the RHF results allows us to estimate the role of electron-electron correlation in the four-electron system as function of the electron-electron interaction strength and the external magnetic field.
III. RESULTS

A. Ground state phase diagram
In what follows the four-particle states will be labeled (L,S) where L denotes the total angular momentum and S the total spin of the state. The single particle states will be labeled (n,l,↑,or ↓) with n and l being the radial and angular quantum numbers, respectively. As a matter of fact, in our convention the states of negative angular momentum are more energetically favorable in a magnetic field. However, for the sake of brevity in the ensuing discussion we will be omitting the ''Ϫ'' sign, that is, the absolute values of L will be given.
We numerically calculated the eigenstates and their corresponding energies as a function of the magnetic field for a fixed value of the interaction constant ϭ2.0. In Fig. 1 we show the evolution of the lowest-energy states for different angular momenta L between 0 and 9. The spin quantum numbers accompanying the lowest-energy states of all angular momenta are in strict accordance with the predictions of the ''magic number'' theory 21 based on the symmetry considerations of four electrons forming a ring. It is interesting to observe that no deviation from this simple rule is found down to the lowest values of the magnetic field, as well as for any р2 investigated. In this system the filling factors 2, 1, 1/2, 1/3 correspond, respectively, to angular momenta Lϭ2, 6, 12, 18. One notes that with increasing magnetic field the terms of ever higher angular momenta are competing to become the ground state resulting in a sequence of angular-momentum transitions. Already at very low fields the ground state ͑0,1͒ is succeeded by ͑2,0͒, and this transition bears two interesting aspects. First, one observes that the ground-state angular momentum thus increases by 2, and the state ͑1,1͒ is prevented from becoming the ground state. As we will see later, this behavior persists for all values of and results from the fact that at high magnetic fields the ͑1,1͒ state ͓as well as ͑0,1͔͒ asymptotically approaches the first excited LL while the ͑2,0͒ state corresponds to the lowest LL. As can be seen in Fig. 1 the formation of LL's is apparent already at ⍀ c Ϸ2. Secondly, we note that this transition is a triplet-tosinglet transition, which implies that the application of a magnetic field depolarizes the electron spins. A similar phenomenon was recently found in quantum-dot lithium, 15 however, in that case such a transition was present only for much larger values of the interaction constant у 0 ϭ4.343, whereas in the present system it is found for all values of , with or without the Zeeman contribution. This transition of the ground state from ͑0,1͒ to ͑2,0͒ was observed experimentally in Refs. 22,23 by investigating the pairing of conductance peaks in single electron tunneling experiments. In order to explore this and other transitions of the ground state in greater detail, we plot the BϪ ͑that is, magnetic field versus interaction͒ phase diagram in Fig. 2 , where the Zeeman contribution is included with g*ϭϪ0. 44 . We see that the phase boundary between the two above-discussed states ͑0,1͒ and ͑2,0͒ starts from the origin. This behavior is readily understood by considering the relevant single-particle configurations. At ϭ0.0 ͑no interaction͒ the electrons occupy the four lowest orbitals, i.e., their configuration is ͕(0,0,↑),(0,0,↓),(0,1,↑),(0,Ϫ1,↑)͖. By application of a magnetic field the negative momentum levels will rise in energy while the positive will drop, and this will make the (0,Ϫ1,↑) electron jump to the state (0,1,↓). Thus, at ϭ0 the transition from the ͑0,1͒ state to the ͑2,0͒ state is triggered by an infinitesimally small magnetic field. At finite values of this jump will be suppressed by the interelectron repulsion up to a certain nonzero value of the magnetic field ͑on the order of ⍀ c ϳ0.1) when the difference between the single-particle energies of the two levels exceeds the repulsion energy. We stress that the abovedescribed scenario remains unaltered in the presence of Zeeman splitting since the latter increases more slowly with magnetic field than the orbital contribution. Figure 3 shows the corresponding phase diagram when the Zeeman energy is neglected by setting g*ϭ0. Here one notices that the states ͑2,0͒, ͑6,2͒, ͑14,0͒, and ͑18,2͒ are stable over a longer range than their neighboring states.
One further observes in Fig. 2 that the state ͑2,0͒ does not extend to infinitely large magnetic fields in the low region, but is terminated at ⍀ c Ϸ8. 17 . In contrast to the previous discussion, this effect is a direct consequence of the Zeeman effect which can be seen from Fig. 3 . In the ͑2,0͒ state the four electrons occupy the four lowest orbitals of the lowest LL, i.e., their configuration is ͕(0,0,↑),(0,0,↓),(0,1,↑), (0,1,↓)͖. The transition from this state to the state ͑3,1͒ is accomplished by unpairing the two electrons in the orbital (0,1,↑↓) and promoting one of them to a higher orbital (0,2,↑). This is energetically favorable only when the increase in energy ͑the distance between these two orbital behaves as ϳ1/B at strong fields͒ is balanced by the Zeeman energy ͑increasing as ϳB) and exchange energy. If differs from 0 the transition will occur already at lower magnetic fields, which can be clearly seen from Fig. 2 , since the electron repulsion will aid the unpairing of the (0,1,↑↓) electrons. A similar transition happens from the ͑3,1͒ to the ͑6,2͒ state, but this cannot be seen in Fig. 2 . When we compare this transition to the one from the ͑6,2͒ state to ͑10,2͒ there is a clear difference in mechanism. The latter transition line will approach the ϭ0 line asymptotically, since (6,2) →(10,2) transition is only triggered by the electron repulsion.
These considerations lead us to conclude that a similar effect also takes place in quantum-dot lithium, namely, its state (1,1/2) is also terminated at a finite magnetic field. However, it was apparently overlooked in Fig. 2͑b͒ of Ref. 15 by not considering sufficiently high magnetic fields.
In general, the inclusion of the Zeeman contribution substantially lowers the energy of the spin-polarized states (S ϭ2) at high magnetic fields and leads to the growth of the ground-state angular momentum in steps of 4, i.e., 6→10 →14→18→22, all of these states being fully polarized. The intermediate partially polarized states ͑9,1͒ and ͑12,1͒ survive only at the lower end of the magnetic-field range as they are squeezed out by the fully polarized states ͑see Fig. 2͒ . In contrast, when we neglect the Zeeman term, the partially polarized as well as the unpolarized states survive at high magnetic fields. Therefore, most of the time the ground-state At intermediate magnetic fields the phase diagram exhibits a rich structure. In Fig. 4 we display a magnification of the region of In particular, in the upper left corner of Fig. 4 we observe a rather peculiar phase boundary between the states ͑4,0͒ and ͑4,1͒ which was not seen for g*ϭ0. At this transition the total electron spin switches from singlet to triplet unaccompanied by an angular-momentum transition. When we increase ͑in absolute value͒ the effective g factor to Ϫ0.6 ͑in-stead of Ϫ0.44 as before͒ we obtain the phase diagram as shown in Fig. 5 . The ͑4,0͒-͑4,1͒ transition line has shifted towards lower ⍀ c and higher . Decreasing ͉g*͉ leads to the opposite behavior. Since the ͑4,0͒ state and the ͑4,1͒ state differ in total spin it is clear that the Zeeman contribution is essential to make such a transition possible. This rich structure is a consequence of the interplay between the confinement, Coulomb interaction, and the Zeeman effect. By comparing the BϪ phase diagram of our system to that previously obtained for quantum-dot lithium 15 we may conclude that the addition of an extra electron substantially enriches the phase, and thus we already spot so much interesting physics below ϭ2.0.
B. Wigner crystallization
In Fig. 6 we show the evolution of the total electron density of the system at ϭ2.0 and varying magnetic field ͑see also Ref. 13͒ . We see that even at the lowest magnetic fields the density profile has a rather inconspicuous minimum at the center and a maximum at a finite radius which is a con- sequence of a rather high value of . After the breakdown of the spin-polarized MDD state the maximum of the density becomes more pronounced and slightly shifts towards higher radii. This is what we expect from the MDD breakdown since some electrons are forced into higher angular momentum orbits. Thus, increasing magnetic field forces the electrons to be located on a ring, such as for the equivalent classical system with the same radius, which in this case of ϭ2.0 equals 1.24 ͑see Ref. 16͒ .
We plot the total pair-correlation function in Fig. 7 . With increasing magnetic field, which induces increasing values of angular momentum, we observe the formation of a Wigner crystal in which the four electrons are located on the corners of a square. From Fig. 8 one can clearly see the high density at rϭ0 for the MDD state and the sudden decrease of the density at the breakdown of the MDD. For example, at ⍀ c ϭ100 ͗r 2 ͘ϭ1.569. Also in the ED result this decreasing tendency can be observed after the breakdown of the MDD.
IV. COMPARISON TO OTHER METHODS
A. Excited states
In the present subsection we consider the excited states of a four-electron quantum dot comparing our results to those obtained previously in Ref. 18 . In that paper it was argued that the energy spectra of few-electron quantum dots in a broad range of values can be rather accurately obtained from an interpolation between few-term expansions valid at →0 and →ϱ. In particular, it was shown that at high values of semiclassical vibrational levels are formed. We restrict the present comparison to the case of zero magnetic field since in both methods the finite magnetic field results are obtained by means of rescaling of zero-field results ͓see Eq. ͑3͒ and the foregoing discussion͔.
In Fig. 10 we show the evolution of a few lowest energy levels from the low-limit up to ϭ7.5 where our calculations still offer a reasonable accuracy of ϳ10 Ϫ3 . Since the absolute energy values grow very rapidly with we plot their differences from the energy of the ground state ͑1,1͒. Thus, the exact ground state energy is identical with 0 in this figure while its approximate value obtained from the interpolation is shown by the dashed line. One sees that the absolute error is always below 0.1 which corresponds to an accuracy better than 1%.
The three states ͑0,0͒, ͑3,1͒, and ͑4,0͒ all tend to the lowest vibrational level in the →ϱ limit. We see that for the state ͑4,0͒ the coincidence of the two results is surprisingly accurate and the difference between the two lines is hard to see on the plot. In contrast to this, the mismatch between the exact and the approximate results for the states ͑0,2͒ and ͑1,1͒, which both tend to the first excited asymptotic vibrational level, is considerably larger, especially in the intermediate region 2ϽϽ5. However, at higher values of the accuracy improves and it is apparent that the levels ͑0,2͒ and ͑1,1͒ indeed form a distinct group separating from the other terms described earlier.
B. Ground state energy
In Table I we compare the results of the present ED to those of the MCHF and RHF methods for the ground state energy of the system as a function of ⍀ c at ϭ2.0. At low magnetic fields the ED yields lower ͑and correct͒ values for the energy. When the magnetic field increases the MCHF approaches the ED result, since the system becomes more classical, whereas the RHF result diverges from the ED result. This can be understood from the fact that the RHF method does not take correlation effects into account while apparently these effects become more and more important after the breakdown of the MDD. One notes that the convergence of the MCHF to the ED result is not monotonous. This is a consequence of the small cusps which appear in the ED result ͑see Fig. 1͒ when a ground state transition occurs while the MCHF result is a smooth curve as a function of the magnetic field. Figures 2 and 3 show that the spin-angular momentum configuration of the four-electron ground state is a complex function of the strength of the electron-electron interaction and the external magnetic field. We have compared the exact phase diagrams with the results obtained with the RHF ͑the MCHF solutions do not possess a definite angular momentum͒.
C. Phase diagram
For g*ϭ0 and ϭ0.5 ͑see Fig. 3͒ the RHF method correctly predicts the ground state for zero magnetic field to The difference in the estimation of the critical magnetic fields reveals the known tendency of the RHF to overestimate the exchange interaction and to favor spin-polarized states, for which the precision of the method is better than for unpolarized states. We notice that the values of ⍀ c inducing the ground-state transformations to higher-spin states are underestimated, while the values of ⍀ c for which the spin of the ground state is decreased are overestimated by the RHF method.
After the MDD decay for g*ϭ0 the exact calculations predict a sequence of the states not necessarily spin polarized ͑see Fig. 3͒ . On the other hand, the RHF after the MDD decay predicts only the appearance of the spin-polarized ground states. Moreover, according to RHF only the states of the magic sequence (6ϩ4n,2) become ground states at high magnetic field. Such magic sequence in the exact solution is observed only for nonzero g factor ͑see Fig. 2͒ . In this sense the error of the RHF introduces an ''internal g factor'' to the electron system.
Results of the energy presented in Table I indicate that the correlation energy rapidly grows after the MDD breakdown and becomes particularly large when the Wigner crystallization appears. The spin polarization predicted by the RHF is a reflection of the exact effect related with the Wigner crystallization, i.e., the separation of the electron charges. In the RHF method this separation is partially realized only for spin-polarized states, for which probability of finding two electrons in the same place is 0 due to the antisymmetry of the spatial wave function.
Let us consider also the case of larger interaction strength (ϭ2.0, see Fig. 3͒ . For g*ϭ0 and ϭ2.0 the RHF method predicts that the ground state changes from ͑0,1͒ to ͑3,1͒ and then to MDD. In this way RHF overlooks the fact that the spin-unpolarized states ͑2,0͒, ͑4,0͒, and partially polarized ͑5,1͒ state are the ground states for a certain range of the magnetic field ͑see Fig. 3͒ below the formation of the MDD. According to RHF the fully spin-polarized MDD appears already for ⍀ c RHF ϭ0.71, while according to the exact calculations MDD appears in a much larger magnetic field ⍀ c ϭ1.39. In larger magnetic field RHF still predicts the magic sequence of the states as in the case of ϭ0.5. The results of the RHF for the phase diagrams are qualitatively the same for nonzero g factor.
The present comparison of the phase transitions and the results of the energy presented in Table I shows that the precision of the RHF method deteriorates for strong electronelectron interaction as well as for high magnetic fields. In both cases the electron system is strongly correlated and the Wigner crystallization appears. For nonzero g the RHF gives a qualitatively correct sequence of the ground states after the MDD breakdown, but as we have shown this agreement is rather accidental.
V. CONCLUSIONS
To conclude, we obtained the energy spectrum of the fourelectron quantum dot as a function of the magnetic field and we compared it to previously obtained results. We see that a simple few term expansion of Ref. 18 is not fully capable to describe the behavior of excited states in the region intermediate between the perturbative and asymptotic regimes. On the other hand, it is quite remarkable that an exactdiagonalization scheme starting from energy levels of noninteracting electrons is capable of reaching the strong electron interaction limit and revealing the formation of semiclassical energy levels.
A phase diagram has been composed for different values of g*. At small magnetic fields we observed the depolarization of spins from the ͑0,1͒ to the ͑2,0͒ state by application of a magnetic field. A rich structure has been observed at intermediate magnetic fields with a somewhat strange looking transition between the ͑4,0͒ and the ͑4,1͒ state in which the total spin changes while the angular momentum remains the same. Other transitions have been investigated and their mechanism was explained. We observed the formation of a Wigner crystal by increasing the magnetic field. The sudden decrease of the density at rϭ0 after the breakdown of the MDD state ͑6,2͒ shows that this state is special.
Comparison to results obtained with the RHF learns us that this system is highly correlated towards high electronelectron interaction strengths and high magnetic fields. The RHF is only useful in the low correlation regime, e.g., it predicts the right ground state configuration at zero magnetic field. The comparison of the phase diagrams clearly shows the tendency of the RHF to favor polarized states. The MCHF is proven to be very useful in high magnetic fields since its results converge to the exact results with increasing magnetic field, e.g., at ⍀ c ϭ9.462 the overestimate of the ground state energy only amounts to 0.075. 
